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ABSTRACT. This paper presents a dynamical balancing method for the rotational part of 
machine as a nonlinear system with the decrease of rotation speed passing across a resonant 
region. After analyzing the nonlinear system and measurable vibratio11 signals, a suitable 
procedure of dynamical balance for determining the magnitude and location of imbalance 
mass is proposed . A program on PC is made to illustrate the obtained procedure. The 
results of numeric examples show that it can be used well for dynamical balancing analysis. 
1. Introduction 
One of the main causes of machinery vibration is imbalance of rotational part . In 
special case for rotating machines with high speed, which goes up to ten thousand 
circles per minute, the rotational parts must be balanced exactly. Two following 
dynamical balancing methods usually are applied: on-site balance with the fixed 
rotational speed and on-special balance device with the decreasing rotational circle 
passing across a resonant region. For a linear system there are some methods to 
find the magnitude and location of imbalance mass [2] . Nevertheless, for nonlinear 
systems, those methods have to be investigated more in details to propose suitable 
procedures [1] . 
In this paper, a method for calculating imbalance parameters of a nonlinear 
system has presented. Computational data is used as measurable vibration signals 
processing in accordance with three-times trial method. 
2. Equations of motion of a rotational part 
2.1. Equation of motion without a trial mass 
The simplest model of an imbalance rotational part is shown in Fig. 1, in which 
the rotational angle c.p(t) is given. The angular velocity and acceleration are defined 
as <P(t), if?(t). 
From the rule of center mass motion, we have 
(2.1) 
where Xe is the coordinate of the center mass with respect to the x-axis and L Fx 
is the sum of the projections of the forces with respect to the x-axis. 
225 
Xe= (MxM + mxm) /(M + m). 
Denoting x M = x and use x as the generalized coordinate, we get 
Xrn = X + r cos rp; Xm = X - rrp sm rp; Xm = x - np2 cos rp - rcp sin rp, 
(M + m)xc = Mx + m(x - rcj} cos rp - rcp sin rp). 
Assume that the initial position is the equilibrium, the restorative spring force is 
equal to G ( x) and the viscous damping force is proportional to the velocity and is 
equal to ex, we have 
L Fx = -G(x) - ex. 
In practice, the function G(x) is odd and the expansion of G(x) is of the form 
G(x) = kx + bx3 + .. . (2 .2) 
For balancing the rotational part of ma-
chinery in state passing across a resonant 
region , the first , machinery is rotated with 
a velocity greater than the resonant ve-
locity (approximates twice); the next , the 
machinery is turned off and rotated free 
without excitation. When the velocity is 
passing across the resonant region, the vi-
bration of machine comes great . Because 
of resistance, the damping forces (friction 
of pillow-block, air), ... always exist; the 
machinery will rotate and slow down to 
stop. The angular velocity can be deter-
mined by the following expression [1]: Fig . 1 
rp(t) = w(l - ~t)t =? <j:;(t) = w(l - at), <p(t) =-aw, (2.3) 
where w is the angular velocity before it will be decreasing, a-coefficient of decreasing 
rotation. Therefore, the equation of motion of the rotating part of machine (Fig. 2) 
with the decreasing rotation passing across a resonant region can be written as 
x + 2hx + w5x + c/3x3 = P[<j;2 cos rp + <jJ sin rp], (2.4) 
e 2 _ k b p = mr ( ) 
where: 2h = M + m, w0 - M + m, c/3 = M + m, M + m 2.4' 
a-coefficient of decreasing rotation. 
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2.2. Equation of motion with a trial mass 
The model of the rotating part of machine 
with the trial mass m t is shown in Fig. 2. 
From the equation of motion of the common 
mass cent re of system, which has the nonlin-
ear spring force is defined with two the first 
items of expression (2.2) , we suppose that the 
trial mass m t is very small compairing with 
the mass of rotational body, hence equation 






i + 2hx + w6x + E(3x3 = P1 [<P2 cos(cp + </>1 ) + cp sin(cp + ¢1)] , (2 .5) 
where 
b ,+. m t sine 
cf3 = M , tg 'f' l = e , o ::; <1>1 ::; 7r ; + m m +mt COS 
. I 2 2 e P1 - mtd1 r - mtd1 P. mtdl = y m + m t + 2mmt cos , 
M+m m 
(2.5 ') 
2.3. Equation of motion with a radial symmetric trial mass 
Similarly, when the trial mass m t is attached to the rotating part in the place 
of radial symmetry with respect to old position of mt , the respective differential 
equation is determined by the following expressions: 
where 
.+. - mtsinB 
tg 'f'2 = ' 
m- mtcose 
mtd2 = J m2 + m; - 2mmt cos e' mtd2r _ mtd2 P. P2=---M+m m (2.6') 
3. Determination of balancing parameters 
This section presents the procedure to determine the balancing parameters, after 
analyzing the solutions of Eqs (2.4) , (2.5) and (2.6). From the obtained solutions 
and the results of processing measurable vibration signal a procedure is proposed 
for determining the balancing parameters for the dynamic system. The solutions of 
the nonlinear differential equations, which had been known, using a direct numerical 
integral method [5] are considered as the measurable vibrations. 
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3.1. A degrading-system 
In Eqs .(2.4), (2.5) and (2.6) , putting the nonlinear parameter f3 = O, we obtain 
the respective degrading-equations. A system, which is described by degrading-
equation, will be called the degrading-system. 
3.1.1. Degrading-equations 
* For rotational part with its imbalances: 
x + 2hx + w~x = Pw2 F0 (t) , (3.1) 
where 
F0 ( t) = ( 1 - at) 2 cos ( w ( 1 - ~ t) t) - : sin ( w ( 1 - ~ t) t) 
* For rotational part with its imbalances and trial mass mt in the first position 
(3.2) 
where 
F1 ( t) = ( 1 - at) 2 cos ( w ( 1 - ; t) t + ¢1 ) - : sin ( w ( 1 - ~ t) t + ¢1 ) 
* For rotational part with its imbalances and trial mass mt in the second position, 
which is radial symmetric to first one 
(3.3) 
where 
F2 ( t) = ( 1 - at) 2 cos ( w ( 1 - ; t) + ¢2) - : sin ( w ( 1 - ; t) t + ¢2) 
The formulae for solutions of Eqs (3 .1), (3.2) , and (3.3) have very complicated 
forms [7, 8]. In this section, a simpler and handier calculative procedure is proposed. 
Note 1. From (2.4), (2.5), and (2.6) , coefficients P , P1 and P2 in the expressions 
representing respective centrifugal forces have the following relations: 
P- mr 
- M+m·' (3.4) 
Hence, putting 
v p 2 + p,2 - 2p2 
BD := 1 ~ (3.5) 
we obtain the formulae to determine the balancing parameters when P , P1 , P 2, and 
mt are given: 
p 2 - p,2 
e = arccos ( 4~ * B 1) · (3.6) 
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3.1.2. The solutions of degrading-systems 
* In the case of degrade-system without the trial mass mt 
The initial conditions of Eq. (3.1) are chosen from its stationary solutions putting 
a = 0. Therefore, we have 
Pw2 
x(O) = · x(O) = o. (3. 7) J(w5 - w2) 2 + 4h2w2 ' 
Next , the general solution of Eq. (3 .1 ) with condition (3.7) is the form [9]: 
t 
x(t) = e-ht [x(O) cos >.t + x(O) ~ hx(O) sin>.t] + ~ j e-h(t- T) sin>.(t - T)Fo(T)dT, 
>-2 =w6-h2 , w»h. 
0 (3.8) 
The integral in expression (3.8) cannot be expressed by elemental functions. We 
propose the approximate formulae as follows: 
t 
Interval [O, t] is divided by. Tk-l = (k - l).6.T k = 1, 2, ... , N + 1, and .6.T = N. 
Function F0(T) is approximated by the following function: 
F0(T) = F0(Tk _1) when Tk - l ~ T ~ Tk k = 1, 2, ... , N + 1. 
Putting 
1 
Ho := J(w5 - w2)2 + 4h2w2 ' 
After some uncomplicated calculates, the solution (3.8) is determined by: 
x(t) = Pw2e- ht{ ( H0 - A~J cos>.t + (h~o + A~J sin>.t } , 
N+l 
C := L F0( Tk_ 1)ehTk-l { e11J cos(ATk - 7/Jo) - cos(ATk-l - 7/Jo)}, (3.9) 
k=l 
N+l 
D := L F0( Tk _1)ehTk-i { e11J sin(ATk - 7/Jo) - sin(ATk- 1 - 7/Jo)}. 
k=l 
* In the case of degrading-system with the trial mass mt 
The solution of Eq. (3.2) is of the form: 
x1(t) = P1w2e-ht{ ( H0 - ~1J cos>.t + (h~o + ~J sin>.t }, 
N + l 
C1 := L F1(Tk_ 1)ehTk-i{ e11J cos(ATk - 7/Jo) - cos(ATk-1 - 7/Jo) } , (3.10) 
k=l 
N+l 
D 1 := L F1(Tk_ 1)ehTk-1{ e11J sin(ATk - 7/Jo) - sin(ATk-1 - 7/Jo) }· 
k=l 
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* In the case of degrading-system with the radial symmetric trial mass mt 
The solution of Eq. (3.3) is determined by 
x2(t) = P2w2e- ht{ ( H0 - fv2
0
) cos >..t + ( h~o + .A~o) sin .At} , 
N + l 
C2 := ~ F2 ( Tk_1 )eh7 k - i { e1lf cos(ATk -1/;0 ) - cos(.ATk- 1 -1/Jo)} , 
k= l 
N+l 
D2 := ~ F2 ( Tk_1 )eh7 k - i { e1lf sin(ATk - 1/Jo) - sin(.ATk-1 - 1/Jo)} . 
k=l 
3.1.3. Calculating the balancing parameters of degrading-systems 
We can rewrite the solutions (3.9) , (3.10), and (3.11) in the forms: 
(3.11) 
(3.12) 
According to the three-times trial method, the rotor of machine is forced to rotate 
three times with the same angular velocity w (w > w0 , w0 is the resonant frequency), 
then the rotor is rotated freely without electricity. The measurable vibration results 
are obtained in the forms of records: 
f::.t = T / (N - 1), tk = t0 + (k - l)t::.t, k = 1, 2, ... , N ; 
(3.13) 
where the passing interval of time [O, T] is calculated from time, at which the rotor 
is beginning rotation with the initial velocity w, and then it is freely rotated until 
the rotation is stopped. Rotational resistant coefficient a will have been computed 
in measurement process. 
Responses x, x1, x2 have the respective maximum amplitudes at the same times 
tR, xmax, xfax, x2ax , and then from Eq. (3.12) we obtain: 
We can check that (see Table 1) 
H max "" Hmax "" Hmax 














Formula (3.16) for (3.4), (3.5), (3.6) allows us to determine the balancing parameters 
from the three-times trial process of degrading-system in a transient stage. 
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Note 2. In practice, formulae (3.4), (3 .5), and (3.6) are replaced by the following: 
BDtest := ( xrax) 2 + ( x2ax) 2 - 2 ( xmax) 2 
2 
max fit 
m=x BDtest ' 
3.1.4. Determination of parameters of degrading-system from vibration records 
(3.17) 
(3.18) 
For above degrading-system, the parameters of system are damping coefficient, 
natural frequencies, coefficient of decreasing, ... they can be determined from vibra-
tion records in the following order: 
1. Calculate times, at which the vibration amplitude is maximum, tn; 
2. Analyze the amplitude spectral to calculate the natural frequency with respect 
to the maximum amplitude spectral [4] ; 
3. Analyze vibration to calculate damping coefficient h, coefficient of decreasing 
,\ [3, 9] . 
3.1.5. Numerical results 
The programs on PC had been created to do the following main functions : 
* Create test vibration records: measurement data are obtained by mean of 
direct solving the differential equations, which describe the vibrations of ro-
tational part, using the numerical methods (Runge-Kutta (4,5), Dormand-
Prince; Runge-Kut ta (2 ,3) , Bogacki and Shampine; or formula Adams-Bashforth-
Moulton) [5]. 
* Calculate the parameters of system (particular frequencies, damping coeffi-
cient, deadening frequency, .. . ) from the obtained vibration records. 
* Calculate the balancing parameters. 
Example 3.1. The first, the characteristic parameters of vibration system are 
given. The values x(t) , x1(t), x2(t) , will be obtained by a direct integral method 
applying for the differential equations of motion. Those solutions are considered 
respective the same as the results of vibration measurement in the cases: without 
trial mass, with trial mass and with radial symmetric trial mass . The solutions of 
degrading-system from established analytic model (SAM) are shown in Fig. 3. From 
the graphs we obtain that solutions x(t), x 1 (t), x2 (t) have the same time, at which 
amplitudes achieve the maximum values. At the same time, resonant amplitudes 
occur at excited frequencies, which are less than respective particular frequencies. 






















Solutions x(t),y(t)and z(t) from SAM 




tr= 5.757576e+OOO, ActiveFreq = 4.242424e+0001Hz) · 
0 1 2 3 4 5 6 7 8 9 10 
Time(s]. tr= 5.806452e+OOO, ActiveFreq = 4.193548e-+OOO(Hz) 
Fig. 3 .The solutions of degrade-system from established analytic model (SAM) 
Table 1 is the numerical results for description of the vibrations of algorithm 
model. Fig. 4 shows the amplitude changes of responses x( t), x1 ( t), x2 ( t) along with 
time. We find the same time, at which the amplitudes are maximums. After the first 
maximum values, the amplitude of vibration and the maximum values will decrease 
[7, 8]. 
The graphs of functions H(t), H1 (t), H2 (t) from formula (3.12) are shown in 
Fig. 5. It is clear that the functions have the same time, at which H(t), H1(t), H2 (t) 
will achieve maximum values. Those maximum values are approximately equal each 
other. Table 2 is the Test-dynamical parameters of algorithm model. Table 3 is 
assumed/ Calculated imbalance parameters from computational models. 
The approximation of the results shows that the above algorithm can be used 
well. 
1. The characteristic parameters of vibration-system 
The mass of rotational part, M = 2000 kg; Trial mass, mt = 0.8 kg; Rotational 
radius , r = 50 cm; The initial forced frequency, w = 2nJ, f = 12 Hz (w = 720 
circular per minute); The particular frequency of system, wo = 2nf0 , Jo = 5 Hz 
(w0 = 300cir/ min); Rotational resistant .coefficient a= 0.02; 0.04; 0.06; 0.08; 0.10; 
0.12; 0.14; 0.16; 0.18; 0.20, Damping coefficient h = 0.5 
232 





























~ ; x(t) 
~ y(t) 
____ ~ __ ___ :____ _ ~ ___ _ ! __ __ _ :_ ~' ___ ~ ___ _ 1 ___ _ ~ _ ~-___ z_(t_)~ .... 
' " I I 1 1 
I ) If I 
- - - - "1' - - - - -1- - - - - t- - - - - t - - - - -1 ~ - - - - t- l - - - - "1' - - - - .... - - - - - t- - - - -
I I I f I J I I I 
' ' 
I I I I ¥ I I I t I 
----T----,--- - -r----,----,-- - r r - ~-T----,-----r----
' I I I J I \I \ I I I 
____ .! _____ 1 _ __ _ _ : _ ____ !. _ _ __ 1_ 1_ ' ~ t : t I 
I I I I I I --- --- ~ -;-----:-----:- -- - -
} I \ f 
I ' I \ 1 .. \ I I 
- - - - ~ - - --~---- - ~- - -- ·-- ~ -~ - - -~ > - - - ~- - - - - ~ - -- -
' I I I ( I ') J I 
' ,. 
I I 1 I I \ 
- - - - -t - - - - -1- - - - - t- - - - - t - 1- -
1
\ I I I I I J 
., 2 .3 ~ 5 6 7 a 9 
Time[s] 
Fig. 4. The amplitude of time of responses 
x 10·3 Coefficient Function H(t) = x(t)/(P.ro2) ,(SAM) 
x 10·3 tr= 5.777126e+OOO, ActiveFreq = 4.222874e+OOO[Hz] 
. 158504 e-003 : 
) 
x 10·3 tr= 5.757576e+OOO, ActiveFreq = 4.242424e+OOO[Hz] 





0 1 2 3 4 5 6 7 8 9 10 
Time[s]. tr= 5.806452e+OOO, ActiveFreq = 4.193548e+OOO[Hz] 
Fig. 5 . Coefficient functions H(t), lfi(t) and Hi(t) 
233 
Table 1. The numerical results for description of the vibrations of algorithm model 
Rotational Maximum Centrifugal Maximum Times ( s) for Forced 
resistant amplitude coefficient of H(t) maximum frequency 
coefficient (a) X max (cm) p Hmax (cm) amplitude tmax (Hz) 
x 0.470954 0.024986 0.004741 26.392 4.721408 
0.02 y 0.708329 0.039032 0.004597 26.588 4.682307 
z 0.392804 0.022901 0.004345 26.832 4.633431 
x 0. 413339 0.024988 0.004190 13.636 4.545455 
0.04 y 0.640776 0.039032 0.004158 13.416 4.633431 
z 0.379709 0.022901 0.004199 13.661 4.535679 
x 0.364564 0.024988 0.003695 9.107 4.535679 
0.06 y 0.572897 0.039037 0.003718 9.303 4.418377 
z 0.335304 0.022901 0.003709 9.140 4.516129 
x 0.331832 0.024988 0.003364 6.953 4.437928 
0.08 y ' 0.520868 0.039032 0.003380 6.953 4.291300 
z 0.307830 0.022901 0.003405 6.977 4.418377 
x 0.314063 0.024988 0.003184 5.777 4.222874 
0.10 y 0.486697 0.039032 0.003158 5.758 4.242424 
z 0.287049 0.022901 0.003175 5.806 4.193548 
x 0.296458 0.024997 0.003005 4.790 4.252199 
0.12 y 0.460498 0.039032 0.002988 4.774 4.271750 
z 0.272408 0.022901 0.003013 4.822 4.213099 
x 0.262813 0.024988 0.002290 4.294 3.988270 
0.14 y 0.414025 0.039032 0.002687 4.273 4.017595 
z 0.240890 0.022901 0.002664 4.113 4.242424 
x 0.250611 0.024988 0.002540 3.715 4.056696 
0.16 y 0.392281 0.039032 0.002546 3.696 4.086022 
z 0.229434 0.022901 0.002538 3.739 4.017595 
x 0.237429 0.024986 0.002407 3.280 4.095797 
0.18 y 0.369552 0.039032 0.002399 3.269 4.115347 
z 0.216377 0.022901 0.002393 3.313 4.037146 
x 0.251394 0.023045 0.002548 3.021 3.958944 
0.20 y 0.392718 0.039032 0.002549 3.006 3.988270 
z 0.230449 0.022901 0.002549 3.050 3.900293 
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Table 2. The Test-dynamical parameters of algorithm model 
Rotational Damping coefficient Relative Particular Frequency w0 Relative 
resistant h error [rad/ s] error 
coefficient [%] [%] 
a Assumed Calculated Assumed Calculated 
0.04 0.500000 0.518874 3.637532 31.41593 31.39125 0.078609 
0.06 0.532753 6.147833 31.44438 0.090493 
0.08 0.533234 6.232546 31.41026 0.018035 
0.10 0.538847 7.209373 31.42379 0.025021 
0.12 0.551212 9.290791 31.40733 0.027358 
0.14 0.535736 6.670423 31.44186 0.082474 
0.16 0.556661 10.178795 31.45841 0. 135041 
0.18 0.567031 11.821374 31.44494 0.092278 
0.20 0.548317 8.811894 31.45529 0.125154 
Table 3. Assumed/ Calculated imbalance parameters from computational models 
Rotat ional resistant Imbalance mass m (kg) Angle () (radian) 
coefficient 
(a) Assumed Calculated Assumed Calculated 
0.02 1.00000 1.156047 1.04720 0.969267 
0.04 1.013082 1.054486 
0.06 0.986449 1.046633 
0.08 0.983082 1.055771 
0.10 1.017281 1.049646 
0.12 1.009041 1.053433 
0.14 0.984024 1.041626 
0.16 0.996775 1.044731 
0.18 1.010664 1.043925 
0.20 0.999745 1.047332 
2. A ssu med p arruneters 
Imbalance mass, m = 1 kg; Locative angle of imbalance mass , () = 7r /3 ~ 
1.047198; The number of times, N = 1024; The number of times for the approxima-
tion of integral, N int = 500; The above solutions are considered as the functions of · 
time, t E [O, T], for T = 1/ a , where a is the rotational resistant coefficient, which is 
given a= 0.10. 
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Table 1 shows that: 
* If rotational resistant coefficient increases then vibration amplitude will de-
crease; The time, at which amplitude has the maximum value, will decrease; 
Resonance frequency, in general, will decrease. In the all calculated cases, the 
resonance frequency always is less than the particular frequency Jo = w0 / 27r = 
5.0Hz. 
* If rotational resistant coefficient is fixed, the time for the maximum amplitudes 
approximate the same (approximately one tenths second) ; The maximum value 
of functions H ( t) (cm), coincides to the third decimal number , therefore they 
can be considered the same. i.e. the supposition (3.15) is satisfied. This is 
very important in practice. 
Table 2 shows that , calculating the test-dynamic parameters of algorithm model 
(h ,w0 ), for the change of rotational resistant coefficient a E [0.04: 0.02: 0.20] from 
measurable records of vibrations: 
* For damping coefficient h, the minimum relative error is 33 and maximum 
one is 113 
* For the particular frequency w0 , the mm1mum relative error is 0.013 and 
maximum one is 0.13 
Three times trial procedure for degrading-system 
Step 1. Input data creating 
First Times: The rotational machinery is rotated forcedly with the initial angular 
velocity w > w0 and then it will be rotated freely. 
* Measure the vibration as function of time of the rotat ional part, x(t) ; 
* Determine the maximum amplitude of measured vibration, Xmax · 
Second Times: The trial mass mt is added at distance r from shaft line. Next , 
rotational part is rotated with the angular velocity w > w0 then it will be rotated 
freely. 
*Measure the vibration of the rotational part: x 1(t); 
* Determine the maximum amplitude of vibration x1 max· 
Third Times : Adding the trial mass mt at the radial symmetric place of the 
rotational part , and it is rotated with the angular velocity w, then will be rotated 
freely. 
* Measure the vibration of the rotational part: x 2(t) ; 
* Determine the maximum amplitude of vibration X2 max · 
Step 2. Determination of balancing parameters 
* Calculate mass m, balancing place(} from formulae (3.17) and (3.18) . 
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* Calculate P, P 1, P2 from formulae (2.4), (2.5), and (2.6). 
* Calculate H = Xmax l P, H1 = X1 max / P1 and H2 = X2max/ P2 and if H ~ H1 ~ 
H2 then the obtained balancing parameters will have been accepted. 
3.2. Vibration analyzing for weakly non-system 
The solutions of the weakly nonlinear systems (2.4), (2.5), and (2 .6) can be con-
sidered the same as the measurable vibration records (3.13). In the above equation 
of motion, nonlinear function f ( x) = x3 is approximated by a linear function using 
the minimum square method [6], in which the experimental values of functions are 
the vibration records in expression (3.13). Therefore, the weakly non-linear systems 
(2.4), (2.5) and (2 .6) had been replaced by the respective degrading-systems, and 
then the above analytic methods would have been used. 
3.2.1. Approximate systems 
Denoting Xj = x(tj) , Xji = x1 (tj) , Xj2 = x2(tj) in expression (3.3), the non-linear 
systems (2.4), (2.5), and (2.6) become: 
* System without the trial mass mt 
(3 .19) 
* System attaching to the trial mass mt 
(3.20) 
* System attaching to the radial symmetric trial mass mt 
(3.21) 
3.2.2. The solutions of direct problem 
Assume that, the dynamic characteristic parameters of system ( h, wo, w, a, P, ... ) 
are given we constitute measurable data applying the above numerical integral meth-
ods to find the solutions of nonlinear differential Eqs. (2.4), (2.5), and (2.6). 
We choose the initial conditions from the stationary solutions of respective non-
linear systems when the forcing functions have the rotational resistant coefficients 
are equal to zero. 
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For example, from system (2.4): 
x + 2hx + w5x + c:{3x3 = P[ cp2 cos c.p + (/;sin c.p] 
t he initial condit ions are chosen from the stationary solutions of the following equa-
tion 
x + 2hx + w5x + c:{3x3 = Pw2 cos wt 
x(O) = 0, x(O) = O; 
The numerical solutions are obtained by approximations (3.19), (3.20) , and (3.21) 
in formulae (3.9), (3. 10), and (3.11) - LAM. 
Example 3 .2. The parameters are given the same ones in example 3. 1, nonlinear 
parameter {3 = 0.5. A program on PC, had been built by us, leads to the graphs: of 
the solutions and the amplitude spectra of responses in Figs 6, 7. From the graph of 
amplitude spectra, Fig. 8, the particular frequencies are the _same. This fact shows 
that the small nonlinear coefficient have very small effect on the particular frequency 
of system. 
Solutions from LAM, Nonlinear Parameter: ~ = 0.500000 
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3.3. The procedure for the definition of balancing parameters 
A procedure for determining balancing parameters has the following order: 
From the three times trial process we obtain three vibration records x(t), x1 (t), 
X2(t). 
* From obtained records we calculate the maximum values, the parameters of lin-
ear approximation ( ~, 6, 6), damping coefficient ( h), the particular frequency 
(w0 ), the initial forced frequency (w) (w = 2w0 ) , the damped frequency. 
* Determine the solutions of approximate systems using formulae (3.9) , (3 .10), 
(3.11) . 
* Calculate the maximum values xmax, xj"ax, x2ax of the obtained solutions. 
* Calculate mass m and balancing location e from formulae (3.17) and (3.18). 
* Calculate P, P1 , P2 from formulae (2.4), (2.5), and (2 .6). 
* Calculate H = Xmax/ P, H1 = X1 max/ Pi and H2 = X2max/ P2, and if H :::::::: H1 :::::::: 
H2 then the obtained balancing parameters will have been accepted. 
Example 3.3. The vibration records are given the same ones in Example 3.2 when 
the rotational resistant coefficient is changing. The initial conditions are chosen from 
the respective stationary solutions in the process creating the vibration records . 
The numerical characters describing the vibration of algorithm model are given 
in Table 4. Assumed/ Calculated imbalance parameters are shown in Table 5. 
Table 5. Assumed/ Calculated imbalance parameters 
Rotational resistant Imbalance mass m? (kg) Angle e (radian) 
coefficient 
(Ct) Assumed Calculated Assumed Calculated 
0.04 1.00000 1.024397 1.04720 1.058630 
0.06 1.004721 1.037486 
0.08 1.013301 1.041686 
0.10 0.991682 1.041103 
0.12 0.983110 1.065245 
0.14 1.009531 1.041561 
0.16 1.043699 1.019937 
0.18 1.061732 1.074192 
0.20 1.003184 1.049014 
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Table 4. The numerical characters describing the vibration of algorithm model 
Rotational Maximum Centrifugal Maximum Times ( s) for Forced 
resistant amplitude coefficient of H(t) maximum frequency 
coefficient (a) X rrw,x (cm) p Hmax (cm) amplitude tmax (Hz) 
x 0.423808 0.025995 0.004130 13.636 4.545455 
0.04 y 0.653174 0.040656 0.004070 13.416 4.633431 
z 0.389453 0.023729 0.004157 13.661 4.535679 
x 0.376306 0.025793 0.003637 9.205 4.477028 
0.06 y 0.588242 0.040388 0.003631 9.189 4.522698 
z 0.341674 0.023755 0.003586 9.238 4.493138 
x 0.338230 0.025719 0.003278 7.075 4.340176 
0.08 y 0.526199 0.040198 0.003263 7.050 4.394604 
z 0.307452 0.023339 0.003284 7.099 4.355191 
x 0.313277 0.025569 0.003104 5.777 4.222874 
0.10 y 0.491954 0.040540 0.003074 5.758 4.242424 
z 0.286365 0.023416 0.003098 5.806 4. 193548 
x 0.292868 0.025907 0.002818 4.733 4.320626 
0.12 y 0.458444 0.040690 0.002809 4.920 4.128563 
z 0.273797 0.023876 0.002858 4.765 4.315777 
x 0.266298 0.025303 0.002776 4.210 4.105572 
0.14 ·y 0.414958 0.039646 0.002760 4.196 4.042620 
z 0.242287 0.023489 0.002720 4.238 3.985142 
x 0.252876 0.025453 0.002400 3.782 3.949169 
0.16 y 0.390932 0.038944 0.002425 3.770 4.063969 
z 0.224066 0.022552 0.002400 3.611 4.324223 
x 0.235810 0.026250 0.002408 3.421 3.841642 
0.18 y 0.356513 0.039563 0.002416 3.405 3.762581 
z 0.217350 0.024402 0.002388 3.242 4.047625 
x 0.239951 0.024614 0.002469 3.020 3.958944 
0.20 y 0.374116 0.038494 0.002462 3.006 3.988270 
z 0.220049 0.022358 0.002493 3.050 3.900293 
In the Table 4, column H max, fixing the rotational resistant coefficient a , we 
show that H max ~ Hfax ~ H2ax. Therefore, the condition of process is satisfied . 
The precise of the numerical results allows the use of the above procedure. 
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4. Conclusions 
This paper includes the following main results: 
* Made the Nonlinear Differential equations of motions; 
* Establish the numerical solutions for the obtained differential equations both 
linear and nonlinear; 
* Propose a dynamical balancing method for the rotational part of machine as a 
nonlinear system with the decrease of rotation speed passing across a resonant 
region; 
For the weakly nonlinear system (nonlinear parameter is small) , in the status of 
transition, to determine the imbalance parameters , the test-three times method can 
be applied in accordance with above procedure. 
This work is completed with financial support of the Council for Natural Science 
of Vietnam. 
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